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Abstract

Chirtent nomegative matrix fachorization (HME ) deals
with X = FIZT type. We preride a sysbematic analysis
and ecctersions of MMF o the symmetric 117 = HHT,
and the weighted 1" = HEHT. We show that (1)
W = HHT iz squivalent to Ketnel K -meams clusbet-
irgg and the Laplaciambased spectral custerimg. (2]
X = FGT iz equivalent to simulbanecis chusbering of
tows and colimns of a bipartite graph. Algorithmes are
given for computing these srmmetric HTHFs.

1 Intreduckon

Standard factonzabion of a daba mabiix uses singular
vahie decomposition (SVD)] as widely usad in principal
component analysis (PCA). Howerer, for maty dakasst
sich as images and b=xt, the orginal data matrices
ate nonnegative, A4 fackotization such as SVD confain
megabive enties and thus has difficully for interpreta-
tion. MNonnegative matrix facborization (ITME) [T, 8] has
many advantages orer standard PCA/SVD based fac-
totizatioms. o contmet o cancellaticns due to pegatere
enties m matiix factkors m SVD based facborizations,
the momnegaterity in HMF emsues fackors conbam oo
herent parts of the original data (images).

Let X = (x1,...,%n) £ F5'" ba the daba mabriz of
monnegative elkments. In image processing, =ach col
iumn is a X0 gray level of the pixels. [n b=xcb mining,
each colitmn iz a docitment.

The ITMFE fackotizes X inbo bro nohbegatie mattices,

X e FaT, (1)
where F= (f1,-- &) e B " and G= (m, -, @) =
BE“". & iz a pre-specified parameber. The fachoriza-
Hors ate obbained by the kast squar minimization, A
mimbet of meearches on further developmg HMF comr
putational methodologies [12, 11, 10], and applications
om beock mining [3, 14, 11).

Here we shidy IMLIF in the diteckion of data clisber-
inZ. The relatici=hip betresn HIME and vechor quan-
tizabion, espadally the difference, are disciz==d by Le=

*Larrtahes Batlale: Thona] L, 5, Unhwazstty of Cali
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and Seung [7] az a motivation for IME . The clustering
aspect of ILF is also studied in [14, 10].

In thi= papetr, we provide a sysbematic analy=is and =
tetmioms of HLIF and shoer that ITLF i= squiivalent &
Hetne]l A-meams chistering and Laplacian-has=d spec-
tml clistering.

(1) We study the sy mimetdic HLIF of

We HHT (2
whete 117 conbaine the paitwize similatities of the [Ket-
nals. We sherr that this is eqitivalent bo i -meats trpe
clizbeting and the Laplacian bassd spectral clisbering,.
I:'-_":I Wea Eener.:.]:i:e thi= fo 'b:ip.:.rb'.{e Erap]: dmber.ing :i..i:.I
sttt lbanectly cisbeting rors and coltimis of the reck-
angiilar data mabtiz. The temilt iz the standard FLIEF.
(2] We exctend INMFe fo weight=d ITIE:

We HEHT. (3

(4] We derive the algorithmes for computing thess fac-
borizations.

Crretall, oir study provides a comprehensrre ook ak
the nomegatie matisc fackorization and spactral clis-
beting.

2 Iernel K-means clustering and
Svmmetric NMMF

F-means chisbetitgg i= one of most widely tized clis
tetitgg method. Hete we fist briefly inbrodice the R-
means tEing speckral telaation [15, .3]. Thiz prorrides
the necesmary hackgroimd infotmation, notabions and
paves the war to the nomnegabive makri= fackorization
approach m §2.1.

J-means vses A proboby pes, the centooids of clusters,
to chatacketize the data. The chjeckive funchion iz o

minimize the sum of squared srrors,

F.

- i

Ji = E E "xi _m.lgll-:l:ﬂ_E - E Ii::'i_-i,
k=18l k e 1=

(4}

whete X = [x;,- - %) & the daka mabriz, m;, =

Tioe, =i/my i= the centroid of chister O, of n, points,



and cn = 57 |x;|°. The zolubion of the clusbeting i=
repres=nbed by i nomrpegatrre indicator vectors:

H=(hi1,-- k), hiky = dr. 5
whate

]:|.|‘= II-_EII ID|1|"' I1'|'_‘|I__. ID:I,-:_ni'ﬂ'

()]
Maowr Eq.(4) becomes Ji: = Tri X7 X) — Te( HT XTXH).
The first betim & a comstank, Let 717 = X7X. This
min Ji beoomes

Imacc

Jur[H = Te| HTW H). (7]
HTE=I, B0

-

The pairwise similarity matrix 117 = XTX & the shan
datd inberprodict libear Kethel matrizc. IF can be e
tetaded o any othet ketiels. Thiz & done iming a hotr
liheatr tratsbormation |:.!I. nnpp:ing:l to the ]:u.E,]:i:r it
siomal space

x; —F l\.':ll:xi:l

The clustering objeckive fimcheon under this mapping,
with the ]:e]p of Eq.l:-l:ll can be wiithen a=

minJi{el="% |pi=)|f =% L N ek T
T * ke,

2]

The fitet bettn i a constant St a giveh mapping finction

#() and can be ignered. Let the ketnel matiz 1155 =

fi) ;). Usitsg the chisber indicabers B, the Lernel
Kotmeans custeting is reduced to Hq (7).

The objectire Amckion in Eq.(7). can be symbolically

writlen a=

1

T = E = E wi; = Te( HTTWH). (i)
k LAEC,

Eernel A -imeans aimes at maximizing within-clister sior
ilatities. The advantage of Kernel i -means i= that it
can describe data distribitions more complicated than
Gate=ion distributions.

2.1 MNMonnegative factorization of
Kernel K-means

We shoer that the optimization of Eq.[7) can be solved
by the matrix facborization

We HHT, H =0 {101
Clastityg this in an opbimizabicon famewotrk, an appio-
priate ohjectrre fincton is

minJ1 = [T - HET ||, (11)
EH0

whet= the makix norm ”-.I.”:\' = Zi;‘ as., the Froheheis

notm. ’
Theorem L. W = HHT fachtization is equivalent o
Hettel K-tmeats clusteritg with the sbrick orbhogonality
telabion Eq.(8) telaced.

Froof. The maxcimization of Eq.l:u_:l can be wriibben ax

H= 2T HTWH)

ang min
HTE=], B0

= argmin ||[W|] - (HTWH) + ||ETH|F
EEE=I, H30
= amgmin |17 - EET|F. (12
HTE=I, Ho0
Belaxing the crthogonality H7H = § completes the
s, C
If the monpegateriby condibion is relaced [ignored ), the
sohition to 5 are the k& sgemrectors with the langgest
sigenvalies and crthogonality = refained. Mow we Lkeep
the nomegativity of . Wil the crbbogonaliby et lost?
Theorem 2. W = HHT fackorization retaine H or-
thogonality approcdmately.
proof. One can sse that minJ1 = || — HET||" i=
aquivalant bo

max Tr(HT W H), (13
E=h

min || ETH||” FEY
H0

The fiust objectire tecovers the original oplimization
objectrre Eq.| 7). We concenbrate on 2nd term. Mok

IETHIF =3 (B HL =3 bk + ¥ (hik)”
tk E=k k

Ilimitmizing the fist t=tm iz equialent to snfordng the
crthogonality ameng hy: hihe = 0. hlinimmizing the
e=comd et = aquiivalant bo

minn |[Baf[* + 4 [l
Hemrerer, H camnot be all zero, othetwize wre wotild have
T/ HTWH) = 0. More precisely, since 117 = HHT,

E iy f2 EI:HHT:H_; = E l'zu‘l'z_u‘= E |:|:|.|¢|:\'I I:llﬂl:l

kij k

i15)

whet= |]:|.| = Zi |l'zi| = Zi f2; iz the Li-dotm of vecbot

L. Thiz means ||he|| = 0. Therefore, cptimization of

Eq.l:l-l:l with the hohzeto constaint Eq.l:llﬂl:l II:|'.|P].1.EE H
ha= near crthogonal colitmbs, e

[ O if

hih, & { |bel? =0 if

Ik, -
T— & (17)
Furthermore, mimmization of Eq. (18] with the nonz=ro
constraint Eq .| 18) leads to the colitmn equalization con
diticn

|bal| &= [[lal] = - - = ||| (18]



ThiE a=sires the approcdamate balance of clistber sizes.
O

The neat-crthogonality of columie of H i= imporbant
for data clitsbeting. An ecact orthogonality itmplies that
mach tow of H can have cnly ohe nohzeto element, =hich
itmplie= that sach daka chject belomgs only o 1 chisker.
Thi= iz hatrd clisbeting, siich a= in A-imean=s . The neat-
orthogonality condition relaces thiz a bit, ie., esach daka
ohject ooild belong Fackonally o more than 1 chisker.
This iz soft clisbeting. A completely notr-orthogonality
among colimie of H doe=s pot have a clear clisb=tdng

3 Bipartite graph K -means clustering
and MLIF

A latge mtmbet of datasets in boday's applications are
in the form of rectangular nonpegabive matrix, such as
the word-docuiment asasdabion matrix m beck mining
ot the DA gene expression profilks. These types of
dabamets can be cotrremiently tepressibed by a bipartitie
graph wher= the graph adjacency matnx B conbains the
as=zociation among tow and column objscts, which = the
itpith daba mattiz B= X.

The above kernel A-means approach can be easily
ectended bo biparbibe graph. Let i, be the indicator
for the k-th row clusber. f, has the same foom of b,
az in Eq. (@), Put them together we have the indicabor
matriz F = (f1,---,£). Analgously, we define the
indicator matrix & = gy, - | EL) for colimm-clusters,

We comhbine the row and colimn nodes bogether a=

‘o B " f ’.L'-:I
ro— — A =
.“: - -\..Br I:l ) I h F T w32 '\-E'ﬂ) ' H Tov2 |:'\-G

whete the factor 1/ 3 alloors the similbaneois nommal-
izaticrm hihey = 1, £{fi = |, and gigr = 1. The Kernel
H-means frp= chisteritgg objectrre fincton becomes

AT 8T o)l

(19
Afbet sotme algebia, we see that b minimmizes the within-
cluster similaribies s A, O,

-:r:"= LIC"‘;'FH EI:HI,“CI:]: F‘ }_' 'I'.'i-';'
_l.:. I'l-H"l |C"|'I - iE&-.“E_C:ﬁ-
[ 20

Theorem 3. The Kerne]l f-means clisbering problem
iz equivalent to the following optimization problem,

n h=|B-F3T|. (21}

El

2%
LR ]
[ R

__%T_'r [é)r o B) [‘r) =Tt (FTBG).

From Eq.(19), e havw= b =
tion problem can be writEn

TiFTEG. The optimiza-
—ITx( FT BG)

IBIF - *Tx(FTBG) + Tx(FT FCTG)

In the second equation, we add o conshants: ”.E'”
and Tt FT FGTS) = Tef = k. The chjeckive imchion

:u::]i:nh.-:.:.lh:n”E FGT|°. O

e wre relax wigoirous crbhogonaliby contraints
FTF=1GTG = 1 fo the apprenimates crthogonality.
Thetefore, MMF & equivalent to -means clisbering
writh relased crthogonaliby conbraints.

The crthogonality comstraints play an important role.
If the crthogomality holds Agouirmsly, w= can show di-
tectly that NMF of |B — FGT|F iz squivalent to =5-
miilbanecisly -means clist=ting of tows and columns
of B. To show this, we fost provre ib for clisbering of
columme of B = (b1, , by = [hi;), under the nor-
malization
122)

fie=L

[ ]

k
b; =1, E [
r=1

I
[~

1 1

Bor any given data, normalization of X is first appli=d.
The srcond normalization mdicates that the t-th reer
of (& am the posterior probabilibies for b belonging fo
i clusters; they shouild add up o 1. The 2rd normal-
ization > . (f); iz a shandard length normalize of the
echor £ Since e apprecdimats B 72 FGT | the notimal-
ization of FGT ghottld be conmistent with ‘I:]:enmﬂa_.:.-
ton of B. Indeed, ©7_,(FGT ), =55, r—]FrG‘r
1, q:u:nnmhenl:mi:]: E B;=1

With this selfcommistent notmalization and impesing
shict orthogonalilty on &0 gig, = 0, { F &, we call the
resulbing fackorizaton as Orthogonal HLE.
Theorem 4. Orthogonal FTMF i= identical o fi-means
clisbarting.
Praoof. We have

B=|B-FETF =3
1=1

b; - E gikfk

k=1

, (23]

b=cauze the Frobenious norm of a matic is aqurralent
tosum of colitmn notme Mow die to the normaliz ation
of &7, the remidi= of the -th colume becoimes

'>_' gl —£)
k=1

=% anllbi—£lP =3 sk — £
k=1 k=1




The 1=t squaliby i= due= o the crthogonality condition
of & which implies that on =ach row of &, only one=
demi:m:l:u:-:l:l::n:- This ako imples gic = 0, 1. Thus
5:,‘ = gik, giving the *nd equality. Summing orer 1,

E=Y Y bk (24)
k=11l

which & the skandard f-means clustering of {bi}i"=]

with fi a= the cli=bstr canbroid. |

In MMF of cptimizing min||B — FGT||, soms and
DJ].U:D’II:E AT ‘I:I.'E.!I.“:I!C] 1 i:qu.:.]. £:ilt:i'|:|.1¥I EL'DCE e CI\JU].C]
squally wtibe b = |[BT — GF7|. Thix chisbeting of
colimie of B = hlppm:u:g sz'mulfﬂ'cnmusfp a= the clie-
tetitgg the tows of B

4 BSpectral clustering and MMF

In tecetk years spectral clisbering 1using the Laplacdan of
the graph emerges as solid approach for data clusbeting
|:EEE tefetences in ['_"]I Hete we focis on the npechr.:.].
clistetitg chjeckive finctions. Thete ate three objec-
tires: the Batio Cut [8] the Normalized Cut [12], and
the Minhlax Cutk [4]. We are interesbed in the mult:way
clistetitg ob jeckive finckions,

= v s[-:‘_".,.,-;‘_j',;] s[-:‘_".,.,-:‘_'.',;]_ = njr:..‘,r:.'.‘]
]_-\P_..G - ] Pl o F k)
[ 25
[ for  Blakio Cut
I|J|:C|‘:| = Eie‘:“.,'ii for  Ieogmab-=d Chik |'_"|3|
s(Ch, Ok for  Blinhlax Chut

whete & iz the complement of subest T in graph &,
sld, B) = __IE__lZ,-ES:L';_;,.:.nd.i;=Zj:.:'i_;.

Hete we shor that the minimization of these objectine
fmctions can be equivalently carried ok s the non-
pegative matrix fackotizabicts. The proot follows the
milki-wray spectral relacation[d] of Hormalized Cut and
Winhlasx Chab, We focus on Hormalized Cuk
Theorem 5. HNormalized Chat using paitwise similarity
matrix 17 iz equivalent to Ketnel K-means cluskedng
with the kernel matrix

T =D 1?wp-17, (27)

whete 0= diagldy, -+ - ,dn .
Corvallewy 5. IMormalized Cub using simdlariby 117 is
equtivalent to nommegatve matrix fachoriz ation
inJy = || - HET|.
minJz=|| |

Proof of Thear=m 5. Let by be the clistsr indicators
az in Eq.(3). One can esasily s=e that

s(Ch, Ol =3 % wy;=hi[D - Wk,
iEC'\r.'iEL:'»

[ Z2)

i 23

and T d; = hiDh;. Define the scaled cluster in-
dicabor vector z; = DV 2k /|| D2 hy||, which obey the
orthonormal comditon :.F':.lg = |5r|.,I ot :]’: = .r, wrhate
T={z1, -, =a). Subekibiting inbo the Normalized Cut
ohjectrre finchon, we have

* RID -Wik & .
J:||v:='>_'—"' - - =T:.F|ZI—II']:.,
2" hjDhy —
The first berm iz a consbant. Thus the minimizaticn
Pl'\:ibl!m bﬂmﬁ
max  Te[ZTWZI) f20)
STI=l, S0

Thi= & identical bo the Kernel K-means clustering of
Eq.(7). Onee the solitkion = is obbained, we can recover
H by oplmizmg

DV,

P B
|| 0% k|

| . (A1)

The eack sahibion are by, = D122, or H= D-1721.
Thus row i of J is maltiplied by a comstamt d . The
relative weig bt acroms different chisker in the zame 1o
tetnain same. This H repressnts the same clusbering
as = does. O

Theotem 5 show the spectral clistering are ditecHs
telated o Kerel W-meams clustering, which is sqiir-
alnce to HLIF by Thectem 1. This HLF, Kerpe=l f-
means cliskering and spactral clistering are unifisd ina
simple way: they are different prescriptions of the zame
problem with slightly diffeent comstraints.

5 Weighted Nonnegative 1" = HSHT

In both Ketnel i-means and speackral clisteting, we a=-
sitme the paitwise similarity matiix 717 are seimi posikice
definibe. For ketnel matrices, this & trie. Bt a large
mimber of similarity mattices is nonbegative, bith nob
sp.d. This motivabes 1= o propose the followring mote
genetral MLIF:
min Jg = || ~ HEHT|I, (22
When the similadty makrix 117 is indefinit=, 717 has
negative sigenvalues, HHT will not provide a good
approcdmation, becatse HHT can not obsorb the sub-
space assocated with negatice eigemrralies. Howrever,
HEHT can obearb subspaces amsoc iabed with both poe-
itive and pegabtive sigen-alues, ie. the indefinibenems of
T iz passmed on bo £, This diskinction is well known in
linear algebra whete matrisx factoriz ations have Cholesky
fackotization A = LLT f matrix 4 iz s.p.d. Otherwizs,



ohe does A = LOLT fackotization, whete the diagemal
mattix [ fakes care of the negeative sigemrahies.

The mcond tesmon for nonbegatiee 117 = HEHT =
that the =xtra degrees of Feedom provdded by 5 allowr
H to be mote closer o the form of clisket indicaboss.
This bensfits occiit for both =.p.d. 17 and indefimb= 117,

The thitd reason for nonnegative 1= HEHT i=that
S provides a good characterizabion of the quality of the
clustering. Generally speaking, given a frced 117 and
mimber of clusbers &, the residue of the matrix approcd-
mmaticn ..fph = min ||IT" —HEHT|[? will be zmaller than
J';JP‘I: = min|[\l" — HHT||". Futhermore, the H-by-E
matrix £ ha= a spedal meaning. To s=e this, let 1= a=-
gitme H are vigotoiis clisket ndicabots, ie., HTH = I
Setbing the derivatice -5'..%-5'5 = 0, we obtain

=T .

= HTWH, ar 5, =hill hk_L‘E‘T'}'
yineme

33

L tepresents propetly normalized within-cluster sim of
weights [ = k) and betwesn-~chister sum of weights
(£ = k). BFor this teamon, we call this type of HLIF
a= weighbsd ITWIF. The imefilness of weighbed HLIF iz
that if the clisbei= are well-s=paratsd, we wouild s=e the
off-disgonal elemeis of 5 are miich smaller than the
chagonal elements of 5.

The fmith reason &= the commistency betwesn shan
dard " = HHT and B = FGET. Since we can d=
fine a Lernel az W = BTE. Thus the fachorization
W s BB = (FGT)T(FET) = G(FTFIGT. Let
S= FTF, wa obtain the weight=d ILIF.

6 Symmetric NMF Algorthms

We briefly outline the algerithme for compubing sy

tretric facborizatione W= HHT and "= HEHT. For
W= HHT the updating rule i=

/ (T H i L

H; — H; 1-28 j—— KK

. . |: T TH_.;.‘) '

whete 0 < 3 ) 1. In PI.!C‘EI:EI wre find F = 1__':_"5.::.15-\:-\:-:]
chodce, A fasbet algotithim?

H — ma (WH(HTHE ™, 0).
can be ussd in the first shage of the iberation. Algorith
mic Ezues of symmtric F is abo studied in [1].

For weighted wF 117 = HSHT, the update rules ate
e e (HTWH
=ik T =ik e TeroorTory

IHTHSH THJ“‘
lFx the homymmettic MEIF of Eq.i1), the alge ithm & F —
maes | BFETE )L, 0], & — mue (BTF(FTFI-L 0} Withow

hohhegadd ve ooz, thaza :ﬂ!ud!'ﬂ:.ln.'l e - !-]:-:-H'l.'ﬂ'_l.'
to global optimal selitichs of f ih Eq.| 11) and F5 in Eq.| Z1).

(L]

(i)

f WES);
Hu = Hu (1040 Jik ) (a7)

(HEHTHE),,
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